Support Vector Machine
Part 1



Feature Space

« Sample

X2

height — =

X=(Xy, X3)



Feature Space

 Training Set

X2
height! g
8 tralnlng set
ul B, {(x,r. I N
—— 0 irl; i=1
o¢ O
0 s
® @
- x].
weight




Feature Space

« How to classify them using computer ?
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Optimal Hyperplane

e Linear classification
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Optimal Hyperplane

e Linear classification
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« Margin

Optimal Hyperplane
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Optimal Hyperplane

« Choose A with largest margin
» Minimize the error function
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Optimal Hyperplane

« Support vector

support vector
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Optimization Problem

X = {xt,rt}t where 7' ={+1 .if x: <G
-1 1 x e,

find w and w, such that

w' x' +w, >+1forr' =+1

w' x' +w, <—1forr' =-1

which can be rewritten as

rt(wat +w0)2 +1

(Cortes and Vapnik, 1995; Vapnik, 1995)
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Optimization Problem

« Margin

— Distance from the discriminant to the closest instances on
either side

 Distance of xt to the hyperplane is

« Margin for support vectors

— Maximize t
= Minimize the ||w||




Optimization Problem

Constrained optimization problem

Ly 2 : Convex cost function
min ]

s.t. rt(wat +w0)2 +1,Vt - Linear constraints

Standard quadratic optimization problem
Convex optimization problem
. Local solution = Global optimal solution
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Optimization Problem

- lLagrange Multipliers Method

cost function: f(x)
constraint function: g(x)=0

IT'(X' A) = f(X) + %& g(x)

Lagrange function Lagrange multiplier



A Brief Overview of Optimization Theory
(2001 =3} CVPR SE2I2

= Theorem: f= C' has a min. at x* — g—i(x*) =10.

This condition, together with convexity of f, is also a sufficient
condition,

» Example 1: min, Ax) = %(X%JFJ’E%)

Sohition:

ox

== L Ll=mnl=0 - & =)

dx 1 @Xg
= In a constrained min. problem,

f=C' has a min. at x° == g—i(x*)=0
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A Brief Overview of Optimization Theory

» Example 2 4 Xo
min . fx) = %(x?er%) W(x) =0

5.0, }E(X)=1—x1—x2=0 /’\
A1
Solution: Define the Lagrange function k ,/
L(x, A) = fAx)+ Ak(x)

= %(ﬁﬂﬁ) + A1 —x,— %)

%=o=>[x1—a = =0." 2,=1x=2
%=D=‘>1—x1—xz=0.-'- 1—-24=0, A=%.
1/2
i x*=l }
1/2

15



A Brief Overview of Optimization Theory

» Example 3

min. Ax) = %(x?er%)

st. Bx)=1—x—x =10,

gx) = %—xg é

Solution: Define the generalized Lagrange function
Ii{x,A.a) & f+Aih+ eg

= %(x%-l—x%) + A0 —x—x2) + &’(%—XQ),
ol

g, — 0 = [e— A ap—Ad—a]l=0. & 3=, ;m=4+¢

% =0 = l—xl—x;g=U. S 2At+e=1
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Also, =20 and 4 — x>, <0.

4

One more condition is needed to solve the problem.

Karush

— The Kuhn-Tucker complementarity condition

w(%—x2)=0

O If e¢=1(, then ﬁ=%;ﬂm3 X = Xp =

2 If RIQ=%,TZ}IEI1

3

Loy o=

lfﬂ
3/4

e, a=[ or x,= o

J

_ 3
A+ a= 1
2At+ae=1
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A Brief Overview of Optimization Theory

Theorem (Kuhn-Tucker Theorem)
(yiven an opt. prob. with convex domain Q< R”

min f(x) ., x= 0 (x is primal variable)
g t g:(x) <0, =1, %
'3 '}1j(x) =U, j= ]_, IlI‘T m

primal opt. prob.

with fe ' convex, and g;, k; affine, the following are necessary

and sufficient conditions for a point ¥ €2 to be an opt.

For L(x. e, )2 Ax)+ ilﬂgg(x) & E]Ajk;(x) =f+a'g+ ATk,
1= i=

ol # o By i i * iy

a_x(x ,&-,A)_D! 84’1(2: ,{]’I,A)—D

g:x")<0 , &i=0 for i=1,, k.

and e g.(x")=0, i=1,- k

4 ¢ and A" s.t.
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Problem

Optimization Problem

: 2
min —|w|
2

s.t rt(wat + wo)z +1,Vt

« Lagrange function (Primal)

Solution

L, =Ll — S a7 x 4w, )-1]
=]

p 2 -
N N
= leHZ —Za’r’(wa’ + w0>+ >a

2 t=1 t=1
8L

=0=>w= Zat ‘x!
6W t=1
aL

=0= Zatrt =0
aWO t=1

KKT condition = a' (1 —r (wat +w, »: 0
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Support Vector Machine

« Support Vector Machine (SVM) (vapnik 1995)

KKT condition : &' (1 —r (wat + W, »: 0

If @' #0 then rt(wat + wo)zl
= x' is support vector
If rt(wat +w0);t1 then o' =0

= x' is not support vector

N
r ot _t
w=>a'rx
=1

. wis only related to support vectors xf

Most af are 0 and only a small number have af>0; they are the

support vectors
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Support Vector Machine

e Dual Problem

L, (a’ ): —HwH2 —ial [rt(wat + W, )— 1]

1
= E(WTW)— w' S a'r'x' -w, Y a'r +> o
t t t

= —%ZZa’asr’rs (xt)TxS +> a
t s t

subjectto > a'r' =0and «' >0, V¢
t

% .
a' =argmin L,

t

(04




Soft Margin Hyperplane

« Non-separable case

V’ correct
T ~— classification
] /:/'
i e e T f) = & &
misclassirication ___._________/t:_._ » S
a5 | f/’ ,/’
oy b
I3 // //f
,f’/ /
/ A
P

impossible to find a separating hyperplane

give them up as errors while minimizing the
probabilities of classification error averaged over the
training set
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Soft Margin Hyperplane

« Soft Error
— Problem: can't satisfy ’”t(WT xt+Wo)21 , V1
— Relaxing the equation using slack variables & >0

rt(wat +w0)21—§t

E'=0: no problem .
0< &' <1: correct classification L@
E'>1: misclassification .

— Soft error

2.5

0

0 015 'i 15
# {4“ f> 1}: number of misclassification points



Cost Function

Soft Margin Hyperplane

mininize %HWHZ +CY &
t

 Lagrange function

L __HWH +CY &Y @[t (Wixt wy -1 -S wte

Solution

8L
0 w=Ya'rx
8"’ t=1

8L
=0= Zatrt =0
aW() t=1

oL,

85’: —u'=0

0<a'<C |- u' >0)

The optimal value of Cis determined experimentally
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v (nu) -SVM

Replacing C with the parameter v (Scholkopf, 2000)

min ol -vp %;5
subject to
rt(wat +w0)2 p—ELE>0,p20
— p : optimization variable (scales the margin),
margin size = p/ Il wll

— Ve [0,1] : parameter
lower bound on the fraction of support vectors
upper bound on the fraction of instances having margin errors

Ya'r'=0
t

OSOHSi
N

Ya' <v
t
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Nonlinear SVM

« Nonlinear SVM

— Basis function

z=(0(x) yZ =¢j(X),j=1°",k
k

glx)=w" plx)= 2 w;g;(x)

J=1

— Solution
W= Zf:atr’(o(xt)
g(x)=w'op(x)= Zt: atrtga(xt)rq)(x)

=ZatrtK(xt,x)
t



Nonlinear SVM

Kernel

Kernel: a function k that takes 2 variables and computes a
scalar value (a kind of similarity)

k(x,y) = (®(x) - B(y))

Kernel Matrix: m Xm matrix K with elements K, = k(x; x,).

Standard Kernels

Polynomial Kernel k(;r:ﬁ:r:i} — {Q?E:Tff,j+ 1 )d

Radial Basis Function Kernel £ (T TJ = t?::{']f}(— | =g 9};"2{753)

Sigmoid Kernel k(_:t:,:ri) = tanh (602? T:r,,;-l— 34 )
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Nonlinear SVM

Polynomials of degree g. 7

1.97

K(xt , x): (XTXt + l)q

0.5r

K(x,y)=(y+1)
_ (le1 + Xy, + 1)2 % 05 " 15 2

=14+2X,y, +2X,), + 2X X, y,Y, + X Y. + X5y

¢(X): [lrﬁxlrﬁxzrﬁxlxzrxlzrxgy

28



Nonlinear SVM

Radial-basis functions: 2

t 2 1
K(xt,x):exp —HX _2XH
2s ;
- - 0
2 :
1
oL i 0
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Nonlinear SVM

Example: XOR Problem
(small scale QP problem)

eTraining set: {(-1);1; -1), (-1 ;1; +1), (+1x-1; +1), (+1 +1; -1)}

1 2 3 X4

elet kernel  k(x, x.)=(1+xTx.)> , x=(xy, x2)T , x=(x;1, X:2)T

eThen k(x, x;) = (1+xTx;)? = (1+x;X;1+x9X;)?
= l + X:IX:H - 2x1x:xi1xi2 + ijxli: + 2X1Xi1 % 5 Zﬂxiz

*A Mapping: @(x)=(1, x*;, x%, V2x3, V2%, V2x1,)"

eKernel Matrix: K= [9 1 1 1
(E 1 T =B =dB AE ] 1 9 1 1
T 1 1 =2 «2 —f2 1 1 9 1
QP = ..
I 1 3 =« —F 1 11 9|axa
_]_ l l '\-JE '\.-E “u'a ]
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Nonlinear SVM

Example: XOR Problem

eDual Problem:
Ly(a)= Qg+ Qo+ ot 0,-(9 a2-2 Qg @52 o Qg2 g 49
02 +2 0y 032 Q> 09 a25-2 a5 a9 a2y)/2

eOptimizing Lp: 9a,-2a,-03+a,=1,-a;,+9a,+05-a,=1
-4t 9 ay-a,=1, a;-a,-a;+9,=1
eOptimal Lagrange multipliers: a;=Q,=03=0,=1/8>0
All the samples are support vectors

eOptimal w:

w =3 @y, (x) = (1/8)(-1) @lx)+ (1/8)(+1)plx)+ (1/8)(+1)
Plx)+ (1/8)(-1) @(x)=(0 0 0 0 0 -1/ 2)T

(w OP(X) )
(- X1Xz)

«Optimal Hyperplane: f(x) = sgn
s

Il
W
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Multiclass SVM

Multiclass Classification
— SVM : binary classification
— Multiclass SVM: multiple binary classification

One-to-rest vs. one-to-one
1) One-to-rest
« | W class 2t | i F Aot LIHX| M-1 2e{A = O]
« M7iQ| O|F 2F SVM 2 &55I ALE
2) One-to-one
e« MZHO SeiA =2 Al
- M(M-1)/2 72| O|Zl &&F SVM

—



Open Software

software

|'h"|,'11||;-i:||'|'

Language

Fnwvironment

Algorithme URL

SVMFu

R. Rifkin
M. Nadermann
(MIT)

CH+

Unix-like

System

LIBSVM

C.C. Chang,
C.H. Lin
[:"'JF:|iIII|.1|

Tawwan Univ.)

Pyvthon, R,
Matlab,
Per!

SVMLight

.]‘- |T|||'1'. ::li'.::l";n
(Univ, of
Dortmund)

Solaris,
Linuzx,
IRIX.

Windows NT

Osuna et al, http:/ fwww.ai.
SMO(Platt) mitedu
SMO(Platt), http: //www csie,
SVMLight(Joachims) ntuedu.tw/ libsym
T, Joachims http:/ fwww svimlight.

joachims.org

SVMTorch

R, Cq |“|:.|:||'|'[ .
(IDIAP,

Switzerland |

I".‘H i l- AL

R, Collobert jttp:.-"I,.-www.'uirep.u-'.';

Jlearning /SVMTorch. html
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SVM Demo

https://jgreitemann.github.io/svm-demo



SVM Summary

Optimal separating hyperplane : max. margin
Global solution (convexity)

Analytic solution

Model selection problem: kernel selection

Classification & Regression =X|0] 25 H&



