Maximum Flow



Flow Networks

* Flow Networks G=(V,E)
— Z} edge (u,v) 7t capacity c(u,v)> 0 & = directed graph.
— one source (s), one sink (t)
— B E vertexv e VO CHSHO, path s — v — t =X (connected)

— JE 2 V] -1
Edmonton Saskatoon
: 5 _
Vancouver <0  Winnipeg
f\l
\—/

Calgary Regina



Flow Networks

« Flow f(u,v)
— edge (uv) € E1tst= &

(i) Auv < duVv), Yuv € V (capacity constraint)
(i) fuv) = -Avu), Yuv €V (skew symmetry)
(i) 2 fUv)=0 vy e V-{st (flow conservation)

veV

* value of flow
— source KM H=E[= flow 2| & | fl=> f(s,V)

veV
« maximum-flow problem
maximum value of flow & &= &4




Flow Networks

Networks with multiple sources and sinks

— M 7H2| sources {sq, s,, ..., S} 2F n ZH2] sinks {t;, t,, ...

max-flow problem

— 1 709] source 2t 1712| sink & #& EF =AM 2 Hat
1) super-source s 2} super-sink t =7}
2) c(s, si) = oo, i=1,...m,

c(ti, t) = oo, I=1,...,n




Ford-Fulkerson Method

« Residual capacity
¢ (u,v)=c(u,v)- f(u,v)
— Edge (uv) Off it T B = =7} 7S¢ flow

(ex)  c(u,v)=16, f(u,v)=11 — c,(u,v)=5

c(u,v)=16, f(u,v)=—4 — c,(u,v)=20

« Residual network
— Residual edge 2 T+l network

G =(V,Ey)
E, ={wu.v)|c, (uv)>0}

A 12/12 /‘\
N —>

(residual network)



Ford-Fulkerson Method

« Augmenting Path (p)
— residual network G; 0| A, s £ & t 7t X|2| path
— B= edge = positive flow

« Residual capacity of augmenting path

C; (p)=min {cf (u,v)|(u,v) is on p}

f'=f+f,

c,(p) ,(u,v)isonp
f,=1-C;(p) .(v,u)isonp
0 , otherwise

« New flow




Ford-Fulkerson Method

« Max-flow min-cut theorem

fis a maximum flow in G
+ residual network G, contains no more augmenting paths

 Basic Algorithm

FORD-FULKERSON-METHOD(G, s, t)

1 initialize flow f to O

2 while there exists an augmenting path p
3 do augment flow f along p

4 return f




Ford-Fulkerson Method

* Ford-Fulkerson (G,s,t)

FORD-FULKERSON(G, 5, 1)
for each edge (u, v) € E[G]
do flu,v] < 0
flv,u] <0
while there exists a path p from s to ¢ in the residual network G
do c;(p) < min{cy(u, v) : (4, v) is in p}
for each edge (i, v) in p
do flu,v] <« flu,v]+cr(p)
flv,ul < —flu, v]

0 =1 O Ln e il B e

Running Time: O(E [f*])
Line 1-3: Q(E)
while loop (line 4-8) Bt=3la=: X|Cf || H (1 7t = Y22 2)
while loop W2 G; 0| Al s->t path &7|: O(E)
- breadth-first search or depth-first search



« QOperations

Ford-Fulkerson Method




Ford-Fulkerson Method

(Q)



Ford-Fulkerson Method

« Edmonds-Karp Algorithm
— Ford-Fulkerson algorithm 74
— residual network 0| A augmenting path & BFS(breadth-first
search) 2 &8

— running time= O(V E?)

« Edmonds-Karp €12|FL2 2 +=HE|= flow augmentation 2| &
== = O(V E) (Theorem 26.9)

 ZF augmenting path Of Ci$t +=3: O(F)



Maximum Bipartite Matching

 Bipartite graph
(i) undirected graph G = (V, E)
(i) V=V, UV, ElV, NV, =2 (partitioned)
(iii) (u, v) € E Of Cisto,
ueV,veV,EcueV,veV,
« Matching
McE
(i) 2= v e vV o LA, = 1 72| edge 7t Y Z(incident on) &
- cardinality : matching 2| ==, |M|

« Maximum bipartite matching
— Bipartite graph 0| A Z|CH2| cardinality & &= matching



(ex)

Maximum Bipartite Matching

(a) (b)

13



Maximum Bipartite Matching

« Corresponding flow network
— G=(V, E) : bipartite graph , V = L UR
— G'= (V) EY): corresponding flow network
Vi=V U({st}
E={(Gsu]|uel}
U {(uv) |lue LLveR and (uv) € E}
U {(vt) |v € R}
c(uv) =1, Vlu,v) e E
- [M[ = [f]
M: matching in G
f: flow in G’

(a) (b) 14



Maximum Bipartite Matching

 Algorithm

S1. bipartite graph G £ corresponding flow network G' £ B3t
S2. G' Of| CH3HO] Ford-Fulkerson ¥12|& M8




