Shortest Path Algorithm



Shortest Path Problem

Definition
— Weighted, direc%eld graph G=(V, E) Of| CH3I, T weight 7t X432} &=

path 2 &&= &

Input:

— Directed graph G = (V/ £)

— Weight function w: £— R

Weightof path p = <y, v»3, ..., v,.>
— k

Z W(Vi -1 Vi )

= sum of edge weights on path p .

Shortest-path weight v to v.
oW, v)= min{wp): y-L v }ifthere exists a path u--v |,
00 otherwise .

Shortest path v to vis any path p such that w(p) = é(u, v).



Shortest Path Problem

* Types
1) Single-source shortest paths problem
2) Single-destination shortest paths problem
3) Single-pair shortest paths problem
4) All-pairs shortest paths problem

 Solutions to single-source shortest paths problem

(i) Negative-weight edge 7 U= 8%

- Bellman-Ford algorithm /

- O(V E) ,

(ii) Negative-weight edge 7} Sl 4% \ _; /
- Dijkstra’s algorithm S *‘(’
-O(V2)- OV Ig V + E) : 7+ g0 et CHE

&



Bellman-Ford Algorithm
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single-source shortest-paths problem 2| SijE &t
- negative weighted edge tHS 7ts

- source O] Al =& 7}53t negative-weight cycle =X Of £ It
d => EX5tH 5ff Y=
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Bellman-Ford Algorithm

. gz
— Relaxation
dW: s £H v 7tX| 2| shortest-path estimate
RELAX(u,v,w) . ’ 3 v
@ 0 ®———@

RELAX (u, v, w) ‘_
L ifd[v] > dlu] + w(u, v) - i s S i
2 then d[v] « d[u] + w(u, v) ©) 2 ~@ @ — 2 >(6)

3 H[Uq U (a) (b)

— Path-relaxation property
=< V..., v>7tvy OA vItX| 2| shortest path O| 1 p O
edge =0 (v vq) ,(Vq, Vo), ooy (Vi g, VORI =2 F relax | SCHH,

dvl = o6, v,)



Bellman-

Ford Algorithm

BELLMAN-FORD(G,w,s)

— O (VE)

BELLMAN-FORD (G, w, 5)

INITIALIZE-SINGLE-SOURCE (G, s)
fori < 1to |V[G]| —1
do for each edge (u, v) € E[G]

1

2

3

4

5 for each edge (u,v) € E[G]
6 do ifd[v] = d|u] + w(u, v)
7

8

return TRUE

do RELAX(u, v, w)

then return FALSE

INITIALIZE-SINGLE-SOURCE(G, s)

1 for each vertex v € V[(G]
2 do d[v] « o0

3 m[v] < NIL

4 d[s] « 0

RELAX (i, v, w)

I ifd[v] = d[u] + w(u, v)

2 then d[v] « d[u] + w(u, v)
3 mlv] < u




Bellman-Ford Algorithm
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Dijkstra’s Algorithm

« E X|
—/ O

— Single-source shortest problem
— Nonnegative-weighted edges

— Running time: lower than Bellman-Ford algorithm (if good
implementation)

 Data
— Graph: V, E, w(u,v)
 adjacency-list
 adjacency-matrix
— d[u]: vertex u 2| shortest-path estimate
— mt[u]: vertex u 2| predecessor
— S:source s 2 FHO| XA 7t A El vertex 2| ATt
— Q: vertex =2| minimum-priority queue, key = d

(cf) breadth first search



Dijkstra’s Algorithm

DIJKSTRA(G, w, s)

— Greedy strategy
— Optimal solution dlul=6(s,u), v uE I

— Running time : O (VIg V + E)
* line 4-8 : O(V)
« EXTRACT-MIN(q): O (Ig V)
* Line 7-8: O(E)

DIIKSTRA(G, w, §)

1 INITIALIZE-SINGLE-SOURCE(G, s)
2 S <

3 0 « VI[G]

4  while Q #£ ¢

5 do u «— EXTRACT-MIN(Q)
6 S «— S U {uj

7 for each vertex v € Adj[u]
8 do RELAX (1, v, w)

10
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Dijkstra’s Algorithm

11
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