Dynamic Programming



Dynamic Programming

« A divide-and- conquer method
— Partition the problem into subproblems
— Solve the subproblems recursively
— Combine their solutions to solve the original problem

« Optimization problems

A OFO

— &= 2 solution & optimal solution (minimize or maximize) =

= =24

(ex) navigation, scheduling, ......

— DP
* Global optimum & &= 2
 Exponential time = polynomial time



Dynamic Programming

 Basic steps
1. Characterize the structure of an optimal solution
2. Recursively define the value of an optimal solution

3. Compute the value of an optimal solution in a bottom-up
fashion

4. Construct an optimal solution from computed information



Assembly Line Scheduling

« Assembly Line

— A serial manufacturing system
(ex) Car assembly line

(7|OtA}S X} assembly line) (EAtS Xt assembly line)



Assembly Line Scheduling

Problem

station §; ;  stationS,, stationS,; station S, 4 station S, , , station§, ,

assembly line 1 §

chassis completed
enters 8[]‘!0
exis

S;;: i-th line2| j-th station (i=1,2, j=1,...n), S;; 2k S,; =
a;;: station S;; O Al 2R E|= HYAZH (=12, j=1,..n)
e;: entry time, line i Ol chassis & Y15t=0H 25| Al (i=1,2)

=
=
x;: exit time, line i O|A] 2MEXIE E205H=H 225 = AlZh (i=1,2)

t. . station Si,j 0|2 chassis & CtE line 2 £ transfer Sl= O 22 %= A|ZE (i=1,2, j=1,...
ij J J
0]

(Z2 line 0| M station 7t2| 0|5 A Q A|7t=0)



Assembly Line Scheduling

 Problem

— Find the fastest way (minimize the assembly time)
— Bt OO XIE J}A wha| REISH= route

« Brute force approach
— Number of possible ways : 27 (exponential time)
— Infeasible when nis large



Assembly Line Scheduling

(Step 1) The structure of the fastest way

Si; & SSte fastest way = Lt & & StLt
%t fastest way 7t S, & T Sat5h= 82
1}t fastest way 7t Sy, 2 transfer 501 S1t5t= &2

fl

SZ,j £ SISt fastest way = L2 = & ofLt
3t fastest way 7t S, & ZE Sat5h= 82
1}k fastest way Zt S,;= transfer I E7l5H= A2

OF

J-th station & &1}0t= fastest way =, Zf line 2| (j-1) station
= &I5l= fastest way 25 H otC}
= recursive structure



Assembly Line Scheduling

(Step 2) A Recursive Solution
f,[J1: starting pointOll A station S ; 7HX| Etst= Ol 285[= &2 A2t
f ©  :starting pointO|A] final point 7tX| S15t= O 2R %= E|2A A|Zt(fastest time)

1:1 [1] =€ +a;
fz[l] =€, +4a,,

f,[2]=min( f,[1]+a,,, f,[1]+t,, +a,,) N Principle of
i ’ ' ’ optimalit
f,[2]=min( f,[1+a,,, f,[1]+t,, +a,,) prmaty

Ll I=min(hl)-+a ;, B -1+, ;, +a,;)

fLil=min(f,[)-1+a, ;, f[J -1+t ;, +a, ;)

f" = min( f,[n]+x,, f,[n]+X,)




Assembly Line Scheduling

(step 3) Computing the fastest times
FASTEST-WAY(a,tex,n)

- RLL L LLIL T AL BN E
- Running time: ©(n)

W N -
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FASTEST-WAY (a, ., e, x, n)

fill] < e + a1
f2l1] < ex +az 4
for j < 2ton
doif fili—ll+a ;= Bl —1] b tai;
then fi[j] < filj — 1]+ a1
LIj] <1
else filjl < foli—1] +&y 1+ar
L1j] <2
it L= 1ty = hill= 15 sota
then f>[j] < falj — 1]l +a
blj]l <~ 2
else pBljl < fili=1-4i 1+ @&y
Llj] <1
if filn] +x1 < foln] + x2
then f* = fi[n] + x;

%=
else f* = fo[ln]l+ x;
AR

i | T T
|i[J]:{2 o !

g

,|f Sz,j—l _>Si,j

1 ,if S, — final
2 ,if S, — final



Assembly Line Scheduling

(step 4) Constructing the fastest way

PRINT-STATIONS(/n)
- fastest way 2l2
1" 2g ooz L[j] trace

PRINT-STATIONS (/, n)

| 1 < I*

2 print “line 7 i *, station " n

3 for j < n downto 2

4 doi <« [;[]]

S print “line 7 “, station 7 j — 1




Assembly Line Scheduling

(Example)

station §,,  stationS;, station§,; stationS§;,  station S;s station§, ¢

assembly line 1

: completed
chassis
auto
enters exits

station S,,  stationS,, stationS,;  stationS,, stationS,s  stationSyg

(a)
j 1.2 3 456 j 23 4 56
1) 2622025030037 /= L [fziizlz]| ' =
(b)

Figure 15.2 (a) An instance of the assembly-line problem with costs ¢;, @; ., #;, j, and x; indicated.
The heavily shaded path indicates the fastest way through the factory. (b) The values of f;[jl, f*,

/;[j], and /* for the instance in part (a).
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Assembly Line Scheduling



Longest Common Subsequence

« Subsequence
Sequence X = <A,B,C,B,DAB>
Subsequence of X : <B,C,D,B>, <A,B,.D> ... (H2 A FA)

« Common subsequence
Sequences: X = <A,B,C,B,DAB> , Y=<BDCA,BA>
Common subsequences: <A,B>, <B,CA>, <B,CAB>, <B,DAB> ..
Longest common subsequence: <B,C,A,B>, <B,D,A,B> (length = 4)



Longest Common Subsequence

« LCS problem

— Given: X = < x1, x2, ... , x>, Y = <yl,y2, ..., y,>
— Find: a longest common subsequence Z = <z1, z2, ..., zk >

+ Application: #8XS| RARE EE A
- DNA:{A C, G, T} £ F+4El sequence
A: adenine, C.cytosine, G:guanine, T:thymine

S1 = <ACCGGTCGAGTGCGCGAGTTCAGTC>
S2 = <GTCGTAGTCAAGTCGTAGCTCAGTT>

 Brute-force approach

— 2 7St 2 E subsequence £ M50
Hl @

Phosphate
_ mq+m@+... +mCm=2m Backbone

(exponential time)
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Longest Common Subsequence

(Step 1) Characterizing
X = < Xq, Xgp eee ) Xy >
X = < Xq, Xy, oo, X > 5 i-th prefix of X

Theorem 15.1 (Optimal substructure of LCS)
X = < Xqy Xop eee s X>, Y= <Y, Yo, o, V>
LICSZ =<2,25 ...,2 >
1. 1f X, =y, then z=x,=y, and Z,_;is an LCS of X _;and Y, ;
2. It x, #y, then z, # x,, implies that Z is an LCS of X, and Y
3. It x, #y, thenz, #vy, implies that Z is an LCS of X and Y, ,

15



Longest Common Subsequence

(Step 2) Recursive solution
s J - length of an LCS of the sequences X; and Y,

0 i=0or j=0
cfi, j1= cli-1j-1+1 i,j>0and x, =,
max(c[i, j —1],c[i—1, j] I,J>o0and x; # Y,
/ 0 1 2w e Bieendt o8 06
i 'y ® 0 @ 2« @ @

P —> N

|

‘¢ @ 2| 3
85| o |l 4 }
1 oe | o] ] 31 A




Longest Common Subsequence

(Step 3) Computing
— Data member
clijl: 1=0,...m, j=0,...n : length
blijl: i=1,...m, j=1,..n : optimal pointer (X, 1, <)
— Y2|F: LCS-LENGTH(X,Y)

LCS-LENGTH(X,Y)

| m <« length[ X

2 n < lengthlY]

3 fori < ltom

4 do c[i, 0] < O
5 for j < Oton

 running time: O(mn)

6 do ¢[0, j] <O

7 fori < 1tom

8 do for j < lton

9 doifx; =y;

10 then c[i, j] < cli —1,j — 1]+ 1
11 Bli, §1 &>

12 else if c[i — 1, j1=>cli, j —1]
13 then cli, j] < c[i — 1, J]
14 bli, j] < “1”

15 else c[i, j] < cli,j — 1]
16 bli, j] « “<7

17 return c and b
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Longest Common Subsequence

(Step 4) Constructing
PRINT-LCS(b, X, i, J)
* running time: O(m+n)

PRINT-LCS (b, X, 1, j)
ifi =0o0r j =0
then return
if bz, j1 ="\"
then PRINT-LCS(b, X,i — 1,7 — 1)
print X;
6 elseif b[i, j] = “1"
then PRINT-LCS (b, X,i — 1, J)
else PRINT-LCS (b, X,i, j — 1)

h B W -

~J

o0
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Longest Common Subsequence



Rod Cutting

* Problem
— Input: length n , table of price p; (i =1,::-,n)
— Output: maximum revenue 7,
« revenue = sum of the prices for the individual rods
— Complexity
« 21 cases for a rod of length n

<table of price>

lengthi |1 2 3 4 5 6 7 8
pricep; (1 5 8 9 10 17 17 20

9 5 8

(ex) n =4 Loyt ] Ll . L0

11 5 1 5 1 5 I 1 11 1 1
o e oo O E
. 8 cases
: maximum revenue = p, +p, =5+ 5 =10



Rod Cutting

(Step 1) Characterizing
1, . maximum revenue for a rod of length n
— maximum of

pn: the price we get by not making a cut,
ry + r,—;: the maximum revenue from a rod of | inch and a rod of 7 — 1 inches,

Iy + r,—»: the maximum revenue from a rod of 2 inches and a rod of n — 2
inches, ...

* Iy—1 T
i r; optimal solution
1 1 1 (no cuts)
2 5 2 (no cuts)
3 8 3 (no cuts)
lengthi |1 2 3 4 5 6 7 8 4 | 10 242
price p; |1 5 8 9 10 17 17 20 5] 13 243
6 17 6 (no cuts)
7 18 l4+60r2+2+3
8 22 246

21



Rod Cutting

(Step 2) Recursive solution

rp = max(p,.ry + rn—1.12 + I'n—a... .. Fn—1 =+ 11)

— | Iy = max (p; +rp—;)
I<i<n

CUT-ROD(p,n)

if n ==

return 0
g = —00
fori = 1ton

g = max(q, p[i] + CUT-ROD(p.n —i))
return ¢

Running time
- T(n) = O(2™)
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Rod Cutting

(Step 3) Computing

BOTTOM-UP-CUT-ROD(p, n)

let 7[0..n] be a new array
r[0] = 0

for j = 1ton
g = —00
fori = 1to

rljl =q
return 7 []

q = max(q. pli] +r[j —1i])

r[1] = p[1] + r[0]
r[2] = max(p[1] + r[1],

p
r[3] = max(p[1] + r[2], p[2] + r[1],

Running time
: T(n) = B(n?)
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Rod Cutting

(Step 4) Constructing

EXTENDED-BOTTOM-UP-CUT-ROD (p, n)

let #[0..n] and s[0..n] be new arrays

rj0] =0

for j = 1 ton
g = —00
fori = 1toj

if g < plil+r[j —i]
q = plil+rlj —1]
s[j] =i
rljl = ¢
return » and s

PRINT-CUT-ROD-SOLUTION (p. n)
(r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p. n)
while 7 > 0
print s [n]
n =n—sn|

24



Rod Cutting

_ length i ‘ 1 2
(Ex) n=8 s

4 5 6 7 8
price p; ‘ 9

3
8 10 17 17 20

rlil
s|i]




