Robot Dynamics



Kinematics vs. Dynamics

 Kinematics

— Equations about position, velocity, and acceleration

« Dynamics
— Equations about force and/or torque
— Applications
1) Control problem

@,G),@ = T

2) Simulation problem

T =0,0,0



Force and Torque

F=ma
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. T=r-ma=r-m-ra (a : angular acceleration)

=mr?- a .
= Ja (I : inertia, 2t &2, Kg m?) /Q < N,
Kinetic Energy
e a=uw
Ktransiational = Emv
1, 2

K otational = Elw



Inertia Calculation
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Force and Torque
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Location Moment of
Object of axis inertia

Thin hoop, Through
radius R center MR?

Axis
Thin hoop, Through "?s
radius R central p Loaans 1 »
width W diameter 7\ g MR® + ZMW?
Solid cylinder, Through fsta
radius R center sMR-
Hollow cylinder, Through | 3 S
inner radius R, center 2 MR;+ Ry)
outer radius R,
Uniform sphere, Through
radius R center %MR:
Long uniform rod, Through 1 p2
length L center 12

Axis
Long uniform rod, Through =0 1y
length L end —L- 3

Axis
Rectangular Through - Lmaz+ w2y
thin plate, center 12

length L, width W



Dynamics

Dynamics | Newton-Euler Lagrangian
Approach | Force balance equation Energy balance equation
L=K-P
dYF=ma and > T=Il-0 Fi:g(ij_i
ot\ 0% ) OX
9|0 o
' ot\ed ) o6
Form lterative Closed
Use Easier for simpler systems Easier for more complicated

systems
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Lagrangian Mechanics

« lLagrangian
L=K —P

L : Lagrangian, K : Kinetic energy, P: potential energy

 Lagrangian relationships
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Lagrangian Mechanics

(Ex1) 1 d.o.f system : .

V\/\/\ m S —

« Kinetic energy

» Potential energy
P—1k2

> L=K —P=imx%-Lkx?
2 2

o (0 ) ) . .
—> F = E(a_f'c)_a_fc = a(mx)—(—kx) =mx + kx



Lagrangian Mechanics

b
'\N\/\ "y —+—> F
(Ex2) 2 d.o.f system ik -
» Kinetic energy N
1 7]

1
K = Kegre + erndulum = > mlx +5 2 mzvpendulum

—_

Vpendutum = I7C + Voic = x1+10cosfi+10sinfj= (J'c+li9cost9)i+lésin9j
V2 endutum = (% + 186 cos 9) + (16 sin 0)?

1
K= —(m1 +my) X% + = > m, (1262 + 216% cos 0)

» Potential energy

1
P= > k x% + m,gl(1 — cos8)

1 1 . N 1
:> L=K —P=§(m1+m2)x2+§ m2(1292+2l9xc059)—§ k x? —m,gl(1 — cos8)

F=2 (aL) oL = (my + my)% + m,10 cos 8 — m,10?% cos 0 + kx

C> ot \ox ax
0

_ @ (oL oL 2
T = at(aé) PY] =m,1%0 + m,1¥% cos 0 + m,glsin @

lcos6
=l " 1B ™5 1G] gt



Lagrangian Mechanics

(Ex3) 2 d.o.f system with point mass

» Kinetic energy K=K +K,

1 X
K, = = m 367
1 2
KZ == §m2V2
{Xz = ;’-ISjn 91 + !’: S].r]. (91 S 92) = f]Sl T !;_15*12
Yo = = IICI i 32C12
2 2 . ! .
C> VZ =X; +Y; {-tz = LC16, + LC, (6, + 6,)
V= 10S8,6, + L,S;,(8, + f)z)

:> Vi = 1567 + 130} + 63 + 20,0, + 2L L(67 + 6,6,)(C,Cy, + §,5;,)
= 105 + 13(63 + 63 + 26,0,) + 21,1,C,(6% + 6,6,)
1

I . 1 oy : A f 3£
ﬁ> K = E(r?h +m;) 176, + Emzf—i (61 + 65 + 26,0)) + m, [, LC,(67 + 6,6,) 9




Lagrangian Mechanics

Potential Energy P=P +P

Pl = = m]_gilC]

Py = —myghC, — myghC,

P=P +P= —(m +m)ghC, — mygl,Cyy
Lagrangian

Lol B %(m._ +mp) 0] + 5 mpls (61 + 6 + 26,6,)
Lx

+ myl LC(67 + 0:6,) + (my + my)ghCy + myghCy

Dynamic eauation

[ Tl-l ’_(m1 + n‘.’u)!j + mzi’; + Zmzlﬂ'?(?g mg!% + HIEIIEECQ I'_ﬂllnll

[Tﬁj o (m,f5 + myhh () mol; 16, ]
n (} - mzi[l‘2521 l]-ﬂi’—li + II'_ - miy'!]lz..qz — }?’I-ZIIEESE]I’-?;]]ZE]
‘;”’33113252 0 JLGEJ L 0 0 1166, ]

. l]-(ml t mp)ghSy + nglgsul

L maglh S d
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Lagrangian Mechanics

(Ex4) 2 link arm

 Kinetic energy

ol s |
+ il,)(91+63) T i’zmz Dj

2| r1<1 I“)(O+9)A" lmV?'_j
21 4 —m,l5 )(6, + 6)” + M2V D
(J”‘ll )9‘_‘ l._z o e 2

xp = LC, + 05LC, — #p= =156, — 0.55L5,(8 + &)

(\.)\p-

R
l

l\le—‘

yp = LS, +05LS;, = p = LGB + 0.5L,Cy,(6; + &)

ﬁ> Vb =4p + b

= @ (I3 + 0255 + LLC,) + 63(0.2513) + 6,6,(0.505 + L, Cy)

1o, 1 o, 1,1
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. . a1, ] |
+ 63 (‘é’mzfi) + 6,0, (‘3' n,l; 4 5 ?’”25111(«2>
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Lagrangian Mechanics

Potential Energy

h b o
P = Mg 2-"51 + m»g (dlg T 2512)
Lagrangian
2
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L=K-P=8& ((m,l —gml + m;l]4—2-mllCa)+9(-ﬁ-m )

1 1 L
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Dynamic equation
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Robot Dynamic Equations

« 2 d.o.f system

Fﬂ} _ [ D D”e] " [Dm D@Hf}?] . {D..,-j D;-,.-J-][éléz] . [D..}
T2 |D;r DJ.‘J; 8), D D,"_.ff é% D_.".",-‘ D”'J' i__ é:bh J I,_ D,‘

jii

Inertia Centrifugal Coriolis Gravity

« N d.o.f system

T=M(@)0 4+ V(B, B) + G(O)

M (@) : inertia matrix (n x n)
V(0,0) : vector of centrifugal and Coriolis (n x 1)
G(0) : vector of gravity (n x 1)
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Forces of Friction

Friction
— Viscous friction Ttriction = V6.
— Coulomb friction Tfriction = C 8g1(6)

Lrriction — € 33”(9} +vh = f, 5}

T= M@0+ V(@, 0) + G(®) + F(O, ®)
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Differential Drive WMR

* Kinetic energy
K:K1+KE+K3
S e
K‘l - Em o= Em[}{ﬂ +.|.'l"r|j] :
1_ -2 . . Y e
Kz = EIQ ¢ X =xg+bgsin g

Ve = Yo — bé cos ¢
1 2 1 .2

ro. . ro. .
Xg= E{Gr cos ¢+ cos ) = E{()r + | )cos ¢

r . . ro.
Vo= E(Grsin ¢+ sin @) = E(()r =+ )sin &

.. mre (Ip+mb*w? I, .2 . . .
ﬁ> K(#..0) = [—+07+ Ea o, b= é({)r_ol]

8 8a?

-+

[, 2y.2 z
ﬂ+f.[q+mb]F +I_g{-)l
8 8a?

4 4a2

2 (Ig+ mb2)?| . .
ﬂ_w]grgl

m = mass of the entire robot

vg = linear velocity of the COG G

Iy = moment of inertia of the robot with respect to Q

I, = moment of inertia of each wheel plus the corresponding motor's rotor moment of 15
inertia.



« lLagrangian

Differential Drive WMR

13)-

Tr— _dt’)r

T — .iﬁ:’[

IIE"'llfﬂr + 51213::‘[ + _iifr:‘r =T,
Dzlﬂr + ﬂng:j[ + _eit’}l =T

Dy =Dy =

Dy; =Dy =

mr? , ot mb?)r?

4

mr® _ (Ig+mb*)r*

8a?

&

Ba?

|

(Potential energy = 0)

Hg]

3 is the wheels’ common friction coefficient
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Dynamic Simulation

74(0).72(0),...Tn(0) Direct q1(1).q2(0)......qn(t)
= dynamic -
model
T1
=
TE e p—
\ Tm x\ / - I
Iﬂ::f::l,"[ﬂf} ::::: rm{f} |r‘|ver5»‘:a Q1“}IQE“} llll q."r“}
< dynamic =
model




Dynamic Simulation

« Motion model

O =M1O)r - V(®.0) - G(O) — F(B, 0)] (%)

Given: torque profile 7(t), initial position & velocity ©(0) , ©(0)
Find: position & velocity profile @(t) , ©(t)

@(0} = E'}D,
) =0,

0(0) (%)

—> @{f + At) = @[r) 4 f:'-'i(r)m, . |
O + Af) = O(r) + O(AL + 1O1)AL, (Euler integration)

O(t+At) (%)
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Dynamic Simulation

O Basic Joint Configuration |
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Static Force Analysis

« Hand force vs. Joint torque

[ omom o]

] [dx dy dz Sx Sy 52]
_T]z[Tl T, T, T, T Ta]

D,]=[d¢, d6, d6, do, do, db,]

. Force/moment at the hand
. Displacements at the hand
: Torques at the joints

. Displacements at the joints



Static Force Analysis

« Energy (work) conservation

sw=["F|["D]=[TT[D,]

[f, f, f, mi m m][dx]

* Jacobian

oy

= fdx+ f dy+---+m,6z

| "D J=["J[D)] "D ]="J][D,]
=) ["F| ["][D,]=[T][D,] — ["F|["3]=[TT

= [r)=["] [*F]
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Static Force Analysis
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