Ch.4. Traditional Methods - Part 2

Greedy Algorithm
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(ex)
(step 1) x; = TRUE
TRUE -> 3 7§ clause W=

FALSE -> 1 7§ clause 9=

(step 2) xy = ?
(step 3) 23 = ?
(step 4) x, = ?
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(ex) :Jc_l A (2 Vay) A (@, Vay) Az, Va,)

(step 1) x, = TRUE
(step 2) z; = TRUE
(step 3) x, = TRUE
(step 4) x, = FALSE



(ex)
(z,Vx,) A (:1:1\/:1:3) A (:1:_1\/334) N (33_2\/3:_4)/\ (a:2Vx5) A (mQ\/xG)/\F(xg,x4,:1:5,a:6)

o=
Hl %= T XXy

z, : TRUE
z, * TRUE
z, t? (x,Va,)A (2,V z,)

P
{d

£ SAT EAo| B8 7153 greedy algorithm < gt}



- HE EAE 1 F7h o Y step o2 A B

1st city —> 2nd city => -~ n—th city
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procedure nearest_neighbor
(1) Select an arbitrary node j, set /=j and 7T=1{1,2,-,n}—{j}
(2) As long as T+ ©do the following
(2.1) Let je T such that ¢;,=min{ ¢, | /T }
(2.2) Connect /to jand set T=7T-{j}
(3) Connect 7 to the first node to form a tour

end of nearest_neighbor
- running time = O(n?)

(ex) Fig.4.1

A-B-C-D-A:33 (greedy solution)
A-C-B-D-A:19 (optimum solution)



<HFH 2> insertion heuristic
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procedure insertion

(1) Select a starting tour through & nodes v, v, -, v (k=1),

and set W= V—{v, v, , v}

(2) As long as W* @ do the following

(2.1) Select a node je W according to some criterion.

(2.2) Insert j at some position in the tour and set W= W— {j}
end of insertion




- Insertion Criteria

dpn(D=min{c;liec V=W} , d .()=max{c,liec V-W} (& je W )

Nearest Insertion
insert the node that has the shortest distance to a node
select j€ Wsuch that d,,,()=min{d, ()|l W}

Farthest Insertion 1
insert the node whose minimal distance to a node is maximal
select j€ Wsuch that d,;, ()= max{d,, ()|l W}

Farthest Insertion 2
insert the node that has the shortest distance to a node
select je Wsuch that d_, ()=max{d, ()|l W}

Farthest Insertion 3
insert the node whose maximal distance to a node is minimal
select j Wsuch that d,, ()= max{d, . ()|l W)}

;  running time = O(n?) - O(n*logn)

% Convex Hull
- 27| tour (v, v, ,v, ) & convex hull 2 74 : o(alogn)
; convex hull = the smallest convex set containing all elements of a set
- insertion heuristics& AF&3}] tour &4

=> cross—edgeE &9°]7] 93t HH



(nearest neighbor)

(farthest insertion 1)



(3) NLP
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T oy, w, 5 S A4 (n TR step o= EA £F)
- 7} step oA W4 A7 W (greedy strategy)
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Greedy Algorithm &%
- Simple
- W45 7H9 interaction ©] & HFSE Ao 48 A, =2 E FobA] K
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- Local search & 93t 7] HAA T2 Al&3H.



(ex) Knapsack Problem

« Definition
— Given
« ltems 1,2 ..., n

« i-th item: ¥ dollars, w pounds
» Max. pounds of knapsack: W

— Store items to knapsack to maximize dollars
« Greedy strategy

— Select item which has greatest value per pound

(ex) W = 50
/| 1 2 3
V; 60 100 120
w; | 10 20 30
v, /w;| 6 5 4

(ex) 0-1 knapsack problem
— Allows only binary (0, 1) choice for each item
— Not solvable by greedy strategy
(ex) Fractional knapsack problem
— Allows fractional choice for each item
— Solvable by greedy strategy

—
]
30 $80
item 3 30] $120
-+
item 2 +
= P8 20| $100
item [ 30 +
20 20| $100 =
& 23 ,_I_UJ $60
S60  $100  $120 knapsack =$220 =$160 = $180 = $240
(a) (b) (<)
0-1 knapsack fractional knapsack



Dynamic Programming

B A4 EAE N x M 9 stage-state 7+X=2 &3

B Principle of optimality

fols)=""e Ao @) on=1 N, s=1, M

fi(s) : stage n 9 state s oA HF stage 7}A 9 HAau&

foaq(x)  stage (n+1) 2] state = NA FHF stage 7FA 9] HAH] &

c.  stage n 9| state s °|A stage n+1 ¢ state z 7FA 2] H]&

ST

B Recursive procedure

fjv<5)_>fjvf1(5)_’ "‘_>f1(5)

. backward search

B Global optimum solution
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(ex1) stagecoach problem

2 5 KN
\ N\
/WL
/ AN X/
I = 3 Il II‘ 6 K ) 10
\ Y \/ .4 ’
% sedio F A
o 7 f

- cost table
2 3 4 Sl 7
1/2]4]3 2|7[4]6
3|]3(2| 4
4415J
8§ 9 10
S|4 L& 3| 3
6|63
3|3 9| 4

- problem: [1] => [10] 7}A] 9] HAaWE A= ?

- notation
z, (n=1,2,3,4) : stage n oA ZAA3 next state °] M=%
f.(s,x,): stage n 2] state s °NA] final 7}A2] cost. & stage (n+1)

oA 9] state & =,

2,(s): fo(s,x,) B HAn3} AANE 1,

fo(s): fo(s,z,) & A=A
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- solution

10

2
(i) stage 4
s | fi(s) zi(s) NLE
8 3 10
9 4 10 4
(ii) stage 3
f3(87x3) = Cs,w3 +f:($3)
Fils) =" 7 (5.,)
s | fa(s,8) fa(s,9) | £3(s) =z3(s)
5| 4 8 4 8
6| 9 7 7 9
71 6 7 6 8

(iii) stage 2

|f2(3!5) fa(s,6) f3(3=7)|f2.(3) z3(s)

(iv) stage 1

s

2 11 11 12 11 Sorb
3 { 9 10 7 5

1 8 8 11 8 Sorb

s | fi(s,2)  fi(s,3) fi(s,4) | fi(s) x3(s)

I 13 11

min. cost = 11

optimal path :

11 | 11 3or4

143—-5—28—=10
]l —=+4—=5—=8—=10
l—+4—6—9—10
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Quiz: stagecoach problem
Which route
minimizes

total cost?
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(ex2) asymmetric TSP

1

30 10 7 13
L=]14 8 0 9 12
6 6 9 0 10
77 11 10 0
start city = 1
- notation
g(i,8): city i oA Al&st] A3 § 9 BRE city: 134 WEsta

city 1 o =2sl7] 744 4285+

Y
i
Y
AL

ex. ¢g(4,1{5,2,3})
g(1,{2,3,4,5}) => FA|

- DP formulation

9(,8) = " LG.) + 95— (1)
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- solution

i 18] =0
9(2,0) = L(2,1) = 3,
9(3,0) = L(3,1) = 4,
g(4,0) = L(4,1) = 6,
9(5,0) = L(5,1) =1,
(i) |S] =1
9@ (3)) = L(2,3) + ¢(3,0) = 10 + 4 = 14,
(2,{4}) = L(2,4) + g(4,0) =7+ 6 = 13,
9l2,{5}) = L(2,5) + g(5,0) = 13 + 7 = 20.
0(3,{2}) = L(3,2) + g(2,0) =8 + 3 = 11,
a(3,{4}) = L(3,4) + g(4,0) =9+ 6 = 15,
4&3_{5}) L(3,5) + g(5,0) =12+ 7 = 19,
g9(4,{2}) = L(4,2) + 9(2,0) =6+ 3 =9,
9(4,{3}) = L(4,3) + g(3,0) =9 + 4 =13,
a(4,{5}) = L(4,5) + g(5,0) =10+ 7 =17,
(5,{2)) = 9(5,12)) = L(5,2) + 9(2,0) = 7+ 3 = 10,
;-51 {3}) - 9(5: {3}) = L(5a3) +9(3v0) =11+4 =15,
5,{4)) = 9(5,{4}) = L(5,4) + g(4,0) = 10+ 6 = 16.
(i) |S| =2

,{3,4}) = min{L(2,3) + ¢(3, {4}), L(2,4) + g(4, {3})}
= min{10 + 15,7 + 13} = min{25,20} = 20,
3,{3 5}) = min{L(2,3) + ¢(3,{5}), L(2,5) + 9(5, {3})}

=min{10 + 19,13 + 15} = mm{29 28} = 28,
2,{4,5}) = min{L(2,4) + g(4, {5}), L(2,5) + 9(5, {4})}
= min{7 + 17,13 + 16} = min{24,29} = 24.

9(3,{2,5}) = min{L(3,2) + ¢(2, {5}), L(3,5) + g(5, {2})}
= min{8 + 20,12 + 10} = min{28,22} = 22,

9(3,{2,4}) = min{L(3,2) + g(2, {4}), L(3,4) + g(4, {2})}
= min{8 + 13,9 + 9} = min{21, 18} = 18,

9(3,{4,5}) = min{L(3,4) + g(4, {5}), L(3,5) + ¢(5, {4})}
= min{9 + 17,12 + 16} = min{26,28} = 26,

9(4,{2,3}) = min{L(4,2) + g(2,{3}), L(4,3) + 9(3, {4})}
= min{6 + 14,9 + 15} = min{20,24} = 20,

9(4,{2,5}) = min{L(4,2) + g(2,{5}), L(4,5) + ¢(5,{2})}
= min{6 + 20,10 + 10} = min{26, 20} = 20,

9(4,{3,5}) = min{L(4,3) + g(3,{5}), L(4,5) + 9(5, {3})}
= min{9 + 19,10 + 15} = min{28, 25} = 25.
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9(5,{2,3}) = min{L(5,2) + ¢(2, {3}), L(5,3) + ¢(3,{2})}
= min{7 + 14,11 + 11} = min{21,22} = 21,

9(5,{2,4}) = min{L(5,2) + g(2, {4}), L(5,4) + 9(4,{2)})}
= min{7 + 13,10 + 19} = min{20,29} = 20,

9(5,{3,4}) = min{L(5,3) + g(3, {4}), L(5,4) + 9(4,{3})}
= min{11 + 15,10 + 13} = min{26,23} = 23.

(iv) |S| =3
9(2?{&4’5})

= min{L(2,3)+¢(3, {4,5}), L(2,4)+9(4,{3,5}), L(2,5)+9(5, {3, i}ﬁ
= min{10 + 26,7 + 25,13 + 23} = min{36, 32, 34} = 32.

9(3,{2,4,5})

= min{L(3,2)+9(2,{4,5}), L(3,4)+g(4, {2,5}), L(3, 5)+9(5, {2,4)

= min{8 + 24,9 + 20,12 + 20} = min{32,29, 32} = 29,

9(4,{2,3,5}) .
= min{L(4,2)+9(2, {3,5}), L(4,3)+9(3, {2,5}), L(4,5)+9(5, {2

= min{6 + 28,9 + 22,10 + 21} = min{34,31,31} = 31, and

9(5,{2,3,4}) .

= min{L(5,2)+g(2, {3,4}), L(5,3)+9(3, {2,4}), L(5,4)+g(4,{2

= min{7 + 20, 11 + 18, 10+20}=mm{27 29,30} = 27. d

(v) |S] =4
L, {2,3,4,5)) = min{L(1, 2)+9(2, {3,4,5}), L(1,3)+9(3, {2, 4,5}),

L4+ 9(4,{2,3,5)), L(1,5) + g(5, {2,3,4})} =
| min{7+32,12 + 29,8 + 31,11 + 27} = m1n{39 41,39, 38} = 38.

path: 1-5-2-4-3-1

v

# TSP °l DP A& Al AlrteFo]l AUAA S7lstnz, 48 o} !

_16_



(ex3) 0-1 Knapsack Problem

Items 1 2 3 4
Weight 1 3 4 5
Value 1 4 5 7
Total Weight = 7
<Remained Weights>
1 2 4
<Items>

ifG < wtli])
TILilli] = TLH-11105]
else

TH1] = may (7] Tl 1l i)

https://www.youtube.com/watch?v=8LusJS5-AGo
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(Quiz) item 1: 3kg 7%, item 2: 4kg 119%, item 3: bkg 12%
Total weight = 12kg

=> Solve fractional and O-1 knapsack problems
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DP

- The problem can be decomposed into a sequence of decision made at

various stages.

- Each stage has a number of possible stfates.

- A decision takes you from a state at one stage to some state at the

next stage.

- The best sequence of decisions at any stage 1s independent of

decisions made at prior stages.
- There i1s well-defined cost for traversing from state to state across

stages. Moreever, there is a recursive relationship for choosing the

best decisions to make.
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