Growth of Functions



50l 2 n 0f EH P04 2 f(n) 2 TAELE #olots HE
_Q S gys

m3
o
o
DIH
10
c
)
S,
>
«Q
3 -
D

2
© : asymptotic tight bound

— O : asymptotic lower bound
0 : asymptotic upper bound
0 : asymptotic strict lower bound
w : asymptotic strict upper bound



Asymptotic Notation

« O notation
— Definition
f(n) =06(g(n))
+ there exist positive constants €1, €2, N, such that

0<c,g(n)< f(n)<c,g(n) vn=n,

c28(n)

f(n)
A

- Asymptotically tight bound

AT e ¢ g(n)

n

(Ex) %nz — 3n = 0(n?)
6n> # 0(n?)
2n # 0(n?)

no " p ‘
f(n) =0(gn))



Asymptotic Notation

O notation

— Definition
f(n)=0(g(n))
< there exist positive constants . |, such that
0< f(n)<cg(n) vn=n,
- Asymptotic upper bound | cg(n)

Worst-case 2| running time E210] &gt

®(g(n)) < O(g(n)) ¢
(EX) ) ClTLZ +bn+c= O(nz) e /f;zj) = 0(g(n))
an3 # 0(n?)
an + b = 0(n?)




Asymptotic Notation

(2 notation
— Definition

f(n) =Q(g(n))
< there exist positive constants ¢, N such that

0<cg(n) < f(n) vYn=n,

- Asymptotical lower bound

Best-case 2| running time E30 &gt oo B
/ cg(n)
(Ex) an? + bn + ¢ = Q(n?) AT
an® + bn + c = Q(n) ek ”
an + b # .Q(TLZ) " f) = )

(C)

(Ex) Insertion Sort & 112|&2| running time: ~ €2(N) ~ O(n?)



Asymptotic Notation

o notation
— Definition

f(n)=o(g(n))
< there exist positive constants C, N, such that
0<f(n)<cg(n)

- Asymptotic strict upper bound
Upper bound that is not asymptotically tight

(EX) an? + bn + ¢ # o(n?)
an + b = o(n?)




Asymptotic Notation

w notation
— Definition

f(n)=a(g(n)

< there exist positive constants C, N, such that

0<cg(n)< f(n)

- Asymptotic strict lower bound

Lower bound that

is not asymptotically tight

(Ex) an® + bn + ¢ = w(n)

an + b # w(n)

lim ()
> g(n)




Comparisons of Functions

« Related Properties:
— Transitivity:
f(n) = ©(g(n)) and g(n) = ©(h(n)= f(n) = O(h(N)).
Same for O 2 o, and w.
— Reflexivity:
f(n)=0(f(n)).
Same for O and Q.
— Symmetry:
f(n)=0O(n)) if and only if gin) = ©( f (n)).
— Transpose symmetry:
f(n) = O(g(n)) if and only if gin) = Q( f (n)).
f(n) = wlgn))if and only if g(n) = w( f (n)).



Standard notations and common functions

« Monotonicity:
— f(n)is monotonically increasingit m< n= f(m)< f(n)
— f(n)is monotonically decreasing it m< n= f(m)= f(n)
— f(n)is strictly increasing it m < n= f(m) < f(n).
— f(n)is strictly decreasing if m <n= f(m) > f(n).

* Floor and Ceilings: x-7<lx]J<x<[ x[<x+7

« Modular arithmetic.: amodn =a-lanln



Polynomials, Exponentials and Logarithms

« Polynomials

d d-1
asn® +a, ,n° " +---+an+a,

f(n)= O(nk)for somek = f(n)is polynomially bounded

« Exponentials
- a" (a=1
Sk

- exponential =+ polynomial &==0f H|SI{ 5435 St

n®
a">>n" — im —=0 — n° =o(a")
I’l>ooa

- exponentially bounded => £t Q| running time & &= Y11

il

e Logarithms

- lgn=log,n , Inn=log,n
- polynomial &= Ioganthm 2f=0f| H|5H =2435| 7t
n® >>Ilg°n — Igan_o — Ig° n=o0(n?)

n—>o0 n

- f(n)zo(lg"n)forsomek = f(n)is poly - logarithmically bounded
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Polynomials, Exponentials and Logarithms

Time for f(n) instructions on a 10 instr/sec computer

4

n n nlog,n n n n n 28

10 || .Olps 03ps dus lus 10us 10s 1us

20 || .02us .09us Aus 8us 160us 2.84h 1ms

30 03us A5pus 9us 27us 810us 6.83d 1s

40 || .04ps 21us 1.6ps 64us 2.56ms 121d 18min

50 || .05us 28us 2.5us 125us 6.25ms 3.1y 13d

100 || .10us 66}1s 10ps 1ms 100ms 3171y 4%1013y

1,000 1us 9.96us 1ms Is | 16.67min | 3.17%103y | 32%10%%%y
10,000 || 10us | 130.03us 100ms | 16.67min 115.7d | 3.17%108 y
100,000 || 100us 1.66ms 10s 11.57d 3171y | 3.17%10%y
1,000,000 Ims | 19.92ms | 16.67min 3171y | 3.17%107y | 3.17%10%%y
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