Position Analysis



Robot as Mechanisms

Manipulator-type robots
multiple DOF, 3 dimensional, open-loop mechanisms

» Closed-loop vs. Open-loop mechanism
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Matrix Representation

 Cartesian Frame

— x,y.z axes: M2 Xl (orthogonal), 2 ELIAHH A

— ZZI7|E=)SE (+) CCW (<) CW

* A point Pin space :

— 3 coordinates relative to a reference frame

Z

Fig. 2.3 Representation of a point in space
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Matrix Representation

« A Vector Pin space :
— 3 x 1 matrix

— 4 x 1 matrix R R R
: P=axi+by j+C: K
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Fig. 2.4 Representation of a vector in space



Examples
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Matrix Representation

Representation of a frame at the origin of a fixed-reference frame
— 3 x 3 matrix
— each unit vector (n, o, a) is mutually perpendicular
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Matrix Representation

« Representation of a Frame in a Fixed Reference Frame

— 4 x 4 matrix
- (nl O, a, p)
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Examples




0y + 1,0, + H20; = 0

Hyly + Nydy + N20; = 0
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Matrix Representation

« Representation of a Rigid Body

— An object can be represented in space by attaching a frame to it and
representing the frame in space
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° Fobject=
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Homogeneous Transformation Matrix

Rigid body 2| #X|2t XM E HASH= 4x4 HEH

n, o a, PR
F_ny 0, a, Py_ﬁ 0 a
In, o, a, P| [0 001
0 0 0 1
F="Ty
N :{R} 7I& {N} 2| x = LHE
0 :{R} 7I= (N} 2y = HHHE
a R} 7IE (N} Ol z = UEHE
P :{R} 7IF (N} o ¥ AK|HE
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Homogeneous Transformation Matrix

+ Frame AFO|| S{X|HIE| g2}

E’P: E’TN N/D

Ap :{R} frame 7|& SIX|HIEH
Np (N} frame 7|& 9 X[HH




Np =(1,0,1), Ty =

(1) By equation

(2) By drawing
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Representation of Transformations

« A transformation is defined as making a movement in space
— Pure translation (H&0|=)
— Pure rotation (2| 0|-5)
— Combination of translations and rotations

|:new =T |:old



Representation of Transformations

e Pure translation
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A frame F has been moved 10 units along the y-axis and 5 units along the z-axis.

Find the new frame.

Example
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Representation of Transformations

« Pure Rotation about an Axis
— Assumption : The frame is at the origin of the reference frame

Before rotation After rotation

(a) ®)
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0 Co -S6 0 0O 1 0 0 S¢ C6& 0 0
Rot(x,0) = Rot(y,6) = Rot(z,0) =
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Representation of Transformations

Rot(x, 0)
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— |, = p,cosf —p,sint
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Example

A point p(2,3,4)" is attached to a rotating frame. The frame rotates 90° about the
x-axis of the reference frame. Find the coordinates of the point relative to the
reference frame after the rotation, and verify the result graphically.
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Representation of Transformations

« Combined Transformations

— A number of successive translations and rotations
— Changing the order of transformations will change the final result

After the first transformation After the second transformation

After the first transformation After the second transformation

After the third transformation After the third transformation

Rot(z,90) —Rot(y,90) —Trans(4,-3,7) Rot(z,90) —Trans(4,-3,7) —Rot(y,90)



Representation of Transformations

« Transformations Relative to the Fixed Frame
= Pre-Multiplication

(ex) P73

(i) Rot (z, 90)
(i)  Trans (4,-3,7) along x, y, z axis
(i) Rot(y,90)




Representation of Transformations

« Transformations Relative to the Rotating Frame
= Post-Multiplication

(ex) P31 | -
()  Rot (a 90) L < .
(i)  Trans (4,-3,7) along n, o, a axis & g
(i) Rot(0,90) / - / b

After the third transformation



Representation of Transformations

Transformations Relative to the Fixed & Rotating Frame

(ex) P(1,54)

(i) Rot (x, 90)

(i)  Trans(0,0,3) along n,0,a axis
(i) Rot(z, 90)

(iv) Trans (0,5,0) along n, o ,a axis



Inverse of Transformation Matrices

« Inverse transformation

'n, o, a, P n n, n, —-P-A
| % & Py  T1_|% 9 O —E'(_)
n, o, a, P, a, a, a, —-P-a
0 0 0 1) 0 0 0 1 |
(RTN )_1:NTR

(Rot(X,30°))™ = Rot(X,-30°)

(Proof)
TT ' =T"1T=1]
(EX) 0 0 1 47
F_|0 10 4
—1-1 0 0 8
0 0 0 1




Transformation Equation

(Ex)
{R}

o /\ .

UTH :UTR RTH :> RTH :(UTR)_l UTH
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UT_0106 UT:Ol 0 2
H=|0 0 1 2 R 1 0 0 -1
0O 0 0 1 0O 0 O 1



Transformation Equation

(Ex)




Transformation Equation

(Ex)
Frame definition
{R} robot base, {CAM} hand-eye camera, {H} robot hand
{E} end-effector (or tool) attached at robot hand
{obj} object
Given : T, XTy,
Find @ "Top;

CAM H
Tobj; TE



